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Literature review

Uncertainty is usually modeled by a family of prior measures P on the
same canonical space. The dominated case: Quenez (2004), Schied
(2006), etc. The non-dominated case: Tevzadze et al. (2013), Matoussi
et al. (2015), etc.

Model-free approach: Hou and Obloj (2015), Cox et al. (2016), Burzoni
et al. (2016), Burzoni et al. (2017), Acciaio et al. (2016), Bouchard and
Nutz (2015) etc.

Existence results in a fairly general class of models are available only in
discrete time: Nutz (2016), Blanchard and Carassus (2018), Neufeld and
Siki¢ (2017), Bartl (2017), Bartl et al. (2017) and Résonyi and
Meireles-Rodrigues (2018).
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Formulation of the problem

(2, F, (Ft)tepo, 1], P) a filtered probability space.
© be a (non-empty) set.

There are two assets: a riskless asset S° = 1 and a risky asset, whose
dynamics is unknown.

A family S?, @ € © of adapted, continuous positive processes.
No condition is imposed on © and on S?.

Example: The robust Black-Scholes market model
ds¥?) = sU (udt + odW,).

e:{HI(M,O')ERzZHSMSE,QSJSE}.

See also Biagini and Pinar (2017), Neufeld and Nutz (2018) (Lévy
processes), Lin and Riedel (2014).
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This approach

e is particularly tractable and easily implemented when it comes to
calibration.

e simplifies technical issues: the canonical setting with problems
concerning null events, filtration completion, etc. The measurable
selection arguments, the analytic properties, see Bouchard and Nutz
(2015), Biagini et al. (2017) or Nutz (2016).

e In Résonyi and Meireles-Rodrigues (2018): an example lies outside the
framework of prior measures P, since lack of the analytic graph P:.

Huy N. Chau (Alfréd Rényi Institute) Robust utility maximization



Drawbacks and solutions

e Consider: supy infg EU(W1(0, H)) and supy, inf gep EQU(W7T).
e No “abstract” versions.

e Komlés-type arguments on the space L° cannot be employed.

e No convexity in 6. Dual problem?

e The candidate dual problem in this setting does not, in general, admit
a solution (see Remark 2.3 of Bartl (2017)).

e Work with the primal problem.
e Under proportional transaction costs.

o Komlds-type arguments for the space of finite variation processes and
in an Orlicz space context.
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A topological space of FV processes

V: the family of non-decreasing, right-continuous functions on [0, T]|
which are 0 at 0.

Let ry, k € N be an enumeration of Q := (QN [0, T)U{T} with rp=T.
For f,g € V, define a metric

p(f,g) = 27X|f(n) — g(ne)l.
k=0

Let V denote the set of H = (H', H*) where H], H}, t € [0, T] are
optional processes, HT(w), H+(w) € V.

We equip V with the metric

o(H, G) := E[p(H", GT) A1] + E[p(H*, G*) A1], H,G € V.
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A compactness result

Lemma
Let H(n) € V, n € N be such that

sup EQ[HL (n) + Hy(n)] < o0
neN

for some Q ~ P. Then there is H € VV and there are convex weights
af >0, j=n,...,M(n), >5;0 (")a =1, n € N such that

n

M(n)

A(n) = Z alH(j)

satisfy, for each t € [0, T], I:{T(n)t — H] and I~:I¢(n)t — H}, n— o
almost surely. In particular, HT(n) — H' and HY(n) — H*, n — co almost
surely in V. O

v

Kabanov (1999), Guasoni (2002), Campi and Schachermayer (2006)
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Consistent price systems

Definition

A A-consistent price system (A-CPS) for S is a pair (3, Q) of a probability
measure @ ~ P and a Q local martingale S such that

(1-XS$: <5 <S5, as. Vtelo,T] (1)

A \-strictly consistent price system (A-SCPS) is a CPS such that the
inequalities are strict in (1).

v

See also Kabanov and Safarian (2009), Guasoni et al. (2010), and Guasoni
et al. (2008).
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Trading strategies

Trading strategies: H € V.

Denote: H' for buying and H* for selling.
The position in the risky asset ¢ = HT — H*.
The liquidation value is defined by

. t t
th,llq(G’ H) = X — / SSdHE +/ (1 - A)SgdHi
0 0

+ o (1= N)S!— ¢ S

Neither concave nor convex in H. Assume ¢ = 0: to recover
concavity.

VX(0, H) = x — [T SOdHL + [ (1 — \)SOdHYS + ¢:5¢
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Utility functions on R,

Definition (Admissibility)
Let x > 0. Denote

AY(x) = {H € A%(x): W "(0,H) > 0as., ¢ = H — HE =0},
and A(x) = Ngee Ap(x)-
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Utility functions on R,

Definition (Admissibility)
Let x > 0. Denote

AY(x) = {H € A%(x): W "(0,H) > 0as., ¢ = H — HE =0},
and A(x) = Ngee Ap(x)-

Investors want to find the optimizer for

u(x):= sup inf EU(WX"(0, H)).
HeA(x) 9€©
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Finiteness of the value function

e No uncertainty. In discrete time, Rasonyi and Stettner (2006) prove
that NA + "u(x) < 00" = JH*.

e Uncertainty. Nutz (2016): an example with u(x) < oo but there is no
optimizer. Since the lack of upper-semicontinuity property in one
model.

e Condition: EPU*(x + hAS) < 00, Vh, P from Nutz (2016),
Blanchard and Carassus (2018).
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Some notations

e Dual function V(y) :=sup,-o(U(x) — xy), y > 0.
e The primal and dual value functions for the 8-model are

u(x) = sup EU(f), V(y) = inf EV(h).
FeC?(x) heDO(y)

o u’(x) <V(y) +x.
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The first result

Theorem

Let U : (0,00) — R be a nondecreasing, concave function and U(oco) > 0.
Assume that

e For each ® € © and for all 0 < j1 < \, the price process S? admits a
u-CPS.

e The dual problem for the model 0, is finite for all 6 € ©.

The robust utility maximization problem admits a solution.

u(x) < oo? Candidate for H*? Admissibility? Upper semicontinuity?

Huy N. Chau (Alfréd Rényi Institute)

Robust utility maximization



Utility functions on R

Assumption

U: R — R is bounded from above, nondecreasing, concave, U(0) = 0.
Define the convex conjugate by

V(y) == sgﬂg(U(X) -xy), y>0.

We also assume that
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Admissibility

o X; > —C,Vt. Too small when S is non locally bounded.

e X¢ > —cW where EU(—aW) > —oo. Biagini and Frittelli (2005).

e supermartingale property. Ansel and Stricker (1994): H-S is a
supermartingale iff (H - S)~ is dominated by a martingale.

e Six Authors' paper, Kabanov and Stricker (200%) (exponential U),
Schachermayer (2003) (general U), Owen and Zitkovi¢ (2009)
(random endowment).

e Biagini and Sirbu: “Moreover, realistic market models are incomplete
and thus the description of the whole M, N Py, is often impossible.

Consequently, checking admissibility with respect to this definition is
practically unfeasible”.
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Admissibility

Define

M, ={Q%: (5%, Q%) is a consistent price system, EV(dQ?/dP) < oo},

t t
VX(e,/-/)zx—/ 53dH3+/ (1 —N)S%dHY + ¢,S?
0 0

Definition
We define

A(x) = {H eV:opr =0, VX(0,H) is a Q°-supermartingale

for each consistent price system (5%, Q) such that Q% e M?/}

and A(x) := Nyeg A%(x).
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The second result

The optimization problem

u(x) = sup inf EU(WX"(0, H)).
HeA(x) 9€©

Theorem

Let Assumption 5 hold, and suppose that for each 6 € ©, the price process
SY admits a A\-SCPS (Q°, 5%) such that Q° € M¢,. Then the robust
optimization problem admits a solution.

u(x) < oo? Candidate for H*? Admissibility? Upper semicontinuity?

Ansel and Stricker (1994): H - S is a supermartingale iff (H-S)™ is
dominated by a martingale.

U=(W) to W=7
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Orlicz spaces

®: Ry — Ry is a Young function if it is convex with ®(0) = 0 and
limy 00 P(x)/x = 00
The set

®.={X e L°: Ed(v|X]) < oo for some v > 0}

is a Banach space with the following norm
[| X||lo :=inf{y>0:X € vBe}

where By := {X € L% : E®(|X|) < 1}, the unit ball of L®.
Define the conjugate function ®*(y) := sup,>o(xy — ®(x)),y € Ry. This
is also a Young function and (®*)* = ®.

® is of class Ay if limy_, ¢((2;)) < 00
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A compactness result

Lemma (Delbaen, Owari 2018)

Let ® be a Young function of class A and let £,,n > 1 be a
norm-bounded sequence in L®". Then there are convex weights an' >0,

n<j < M(n), ZM(") o] =1 such that

J=n

M(n)

&= off

j=n

converges almost surely to some £ € L®" as n — oo, and sup,, |£]| is in
L. O

Recall: limy, o “2) =00, limsup, .. 724 < oo

Supermartingale property: control the losses, use Fatou's Lemma.

v
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An example

Let us consider
1
St=1+t+ 5 arctan(W), t € [0,1].
iy

If A\ <3/7 then (1 — \)S; > 1 a.s, therefore, there is no consistent price
system. If A > 2/3, then

Si(1-)\)<3/4<S, telo,T].

In other words, (S = 3/4, P) is a consistent price system.
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Conclusion

e The existence results, no passing to dual problems

e Future: duality?
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Thank you for your attention! )
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